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1. 'INTRODUCTION | - - - o

Problems. concerning the variation in the number of births to -
a couple, during a given' period of time, have béen of interest to
planners, demographers and other social. 'scientists. Of late, consi-
* derable stress has been laid on the study of the above phenomenon
with the help of probability models. - Brass (1958), Dandekar (1955),
Henry (1956), {Pathak (1956), Singh ('1963 1964, 1963) and others
have derived probability -distributions for the' number of complete
conceptions ‘(a concéption is complete if it results ina live - birth
. otherwise it is incomplete) to a couple on varying sets of assumptions.
These distributions are usefulin .getting. the estimates of parameters
" involved in human reproduction. They are also useful in the evalua-
- tion of different family planning programmes. The above mentioned
distributions are based, among other things on the assumption that
" there is one to one correspondence between a conception and a birth, -
. A probability model making: allowances for foetal losses would be
more realistic to describe the phenomenon and would provide better -
estimate of fecundability. Shéps and Perrin (1956) derived a probabi-
lity distribution for the numberof complete conceptions incorporating
foetal losses which is an extension of the model given in Singh (1963)~
The purpose of this paper is to generalize the probability distribution - ’
of Singh (1968) for the number of complete conceptions to a couple
during a given period of time under the assumptions of Singh and 3
Bhattacharya ( ]970), which accounts for 1ncomp1ete conceptlons
Though the present model may be ‘derived as a ‘marginal distribution

" from the model of Singh and Bhattacharya (1971), an alternative

derivation i§ given in Section 2, keeping in view the utility of the new
procedure in other situations. ' The estimates of conception rate.and
. of proportion of fecund couples have been obtained "following the
procedure cited in Singh (1964). and also Singh and Bhattacharya
(1970). Expressions for asymptotic variances and covariances are also
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given. For illustration, the proposed distribution has been applied
to observed data of Dandekar (1955). When any distribution is
applied to observed data, reasonable values of the parameters assum-
ed known at the time of estimation, are used. For the present

distribution the value of three parameters are assumed known. Some
discussions about ‘the estimates of the parameters are presented in
section 3. - ‘

SECTION 2

~ 2.1. This section deals with the derivation of a continuous
time probability distribution, based on the assumptions of Singh and
Bhattacharya (1970), for describing the variation in number of comp-
lete conceptions to a female during the period (0,T). For complete-
ness the assumptions are reproduced below,

Assumption 1: The female is susceptible to conception at t.he
beginning of the observational period and has led a married life
throughout the period of observation.

Assumption 2(a) : The number of coitions of a couple during
any arbitrary time interval (t;, 1,), 0<t,<t,<<T is a.random variable
and follows is Poisson distribution ~with the parameter m, (,—1,),
m; >0, ‘ .

" Assumption 2(b): The coitions areimutually independent and
P11, the probability that a coition results in a conception, is constant.

It is easy to see that the waiting time to the first conception is

- distributed exponentially. If x, denotes the waiting time for a female

to conceive;
PX,St)=Fy()=1—em¢; (>0), m=m,p,

Assumption 3 ; Let 4 be the probability that. a conception is
complete, so that (1 —4)is the probability of an incomplete concep-
tion. ' '

Assumption 4:  Every conception involves a period of temporary
sterility, called the ‘rest period’, comprising the duration .of pregen-
ancy and post-partum amenorrhoea. Let h, and h, be the. rest
periods associated with incomplete and complete conceptions
respectively. :

Under this assumption ‘the maximum number of complete
coneeptions to a female during the period (0,T) cannot be more than

-



THE NUMBER OF RIGHTS AND ITS APPLICATION 93

n, where n-[T(hy] if [T/h,]=T/h, otherwise it is equal to [T/h,]+1;
[T/h,] stands for the greatest integer not exceeding T7h,.

Assumption 5:  Either the female is exposed (except during a
pregnancy or post-partum period) to therisk of a conception through-
out the period (O,T) or she is not exposed to this risk at any time

during the interval (O,T). Let a and (1—a) be the respective
probabilities.

Let X denote the number of complete conceptions to a couple
during the time interval (O,T). X can take values 0,1,2,..., n. Under
the assumptions 1, 2,3,4and 5 the probability_fun(;tion, P,of Xis
given by '

k

P,,=1—-a[20 6 (1—6)
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where k,=[(T—rh;)/h,]. ' ' ‘ (2.3)
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_ Proof. According to. Assumption 5, ‘@’ is the probability that a
female may have 9, 1, 2,..., n complete conceptions during the period
(0,T) while (1 —a) is the probability that she is not exposed to the
risk of a conception during this period.

Let the successive complete conceptions occur at times Z,,
r=1,2,..,;and let T, =Z;,—Z, (r >1) denote the time between the
(r+1)- th and r** complete conceptions. Denote by T, the time of
first complete conception from the start of the observational period.
From assumptions of the model it is obvious that the distribution of
T, will be different from thosz of other T'’s (r>>1) since. the’ starting
point of T, is not a rest period’as in the case of other T,’s. It can

easily be seen that T,’s (r >>0) are mutually independent and T;, T,...

{but not 7,) have a common distribution.

Now we derive the distribution function F;y, (7/f) of T,/j, the

 waiting time” of the (j+1)-th conception on the assumption that the

preceding j conceptions are incomplete. Here

| ) |
T,lj= zxi . e
i=0 . -

where X; (1<i<j) is the waiting time between the i incomplete con-
ception and the time of (i+1)-th conception. X, is the time. of first
conception. By our assumptions the X;’s (i=1, 2,....j) are indepen-
dently and ideatically dlstrlbuted random varlables with the
distribution function

'Fl (t)=P(Xi<t)=1— e—m(iE—n) for t>h, (2.5)
_ =0 for t<<hy )

Followmg the lines'of derivation of equation (6.49) in (Ch 6)
Bharucha-Reld (1960) F,+1 (¢[7) is given by .

7+1(t/9 _1 —m(t—]hl) E{m(t_]hl)}s for t>]hl (26)

]
L
. 5=0 T
l =0 . ) fOI‘ t<]h1J

Since 9(1—8) is-the probability that there arej incomplete concep-

“tions preceding a complete conception, the waiting time distribution

of the first complete conception is given by

P(T,<t)=H, (1)
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= —0y | 1= e—m(t—jh) p{m(t—jh)}’
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fort>0 @n -

Let &, (s) be the Laplace transform of H, ().

. * . - gm 1—g)e—m -1 "
. 4s)= 0[ 9O =G g 9

: The expressions for distribution function as well as the Laplace trans-
\ formation for the first complete conception differ from other intervals
' between consecutive complete conceptions only in the component of
~ rest period following a complete conception (4,). Hence in the case
of T,(r >1) we have the distribution function and Laplace transforma-

tion given by ‘

H*()=P(T,<1)
[(t—ho) /]~ A
- = E o(1 __9)5[1 —emmli=in ~h)
. j=0 :
d hy—hy)}*
{m("—'.]s!l_ 2)} ] for t>h2
0

s=

=0 Yotherwisev. ) e (2.9) | _
and '
=0 [ T \e-an| 1 (A=Be=™Mm T
bi(5)=0 (m-}—s)e 2[1 i .

" If $,44(s) denotes the Laplace transform of Z,.,, then - -

Prr1(8) =bo(8)|$,(5) "

- 2 (l‘"{.‘])gr-}-l(l —G)lestrhtin ).
. J ' . '

j=0

m T4+ 145 - - - .
(m+s) T e




95 JOURNAL OF THE INDIAN SOCIETY OF-AGRICULTURAL STATISTICS

If H,..;(¢) is the inverse of (2.11), then
o=rh)li] ‘
X r .
Hm(t):' 2 ( jj)Bf”l(l«- 6.

j=0
[1 e—mli- mz-ml) E{ﬂt—_"ﬂfl_)}f] (2.12)

Under Assumptions 1, 2(a) 2(b), 3, 4 and 5 the probablhty, K, of at
most r complete conceptlons during (0, T) is

Ky=1—aH,.1(T) ; r=0, 1, 2,..., n—1 . (2.13)
K.,=1. ' ..(2.14)
Hence the probability expressions (2.1), (2.2) and (2.3) follow.

For §=1, the probability expressmns reduce to one obtained by
Singh (1968). :

2.2. This model involves five parameters a, m, h;, b, and 6.
A A
For given values of h;, h,and 6 the estimates a and mof aand m

" respectively can be derived from the equations obtained by equating

the observed proportion of coupleés with zero complete conception and
the observed mean number of complete conceptions to their theoretical
values.

. A : "
It can be shown that for large N, /N (a—a) tends to N(0, o5?)

A
and 4/ N(m—m) tends to N(0,0,%) where

Aro=la H,'(D)]* o2 +[a F' (m)]* [aHy(T)] [l —aH(T)]
—2[aH'\(T)] [aF’ (m)] [aF(m)] [1- aH,(T)] (2.15)
22 [F(m)]* [aH,(T)] [1 —aHy(T)] + [Hy(T)]c,? |
—2AFm)P [aHy(T)] [1—aH,(T)] ...(2.16)
Aoy =[aF(m)}* [H'y(T)] [1—aH(T)] -
—[aH(T)] [H'+(T)]s? . -.2.17

where 6, *=population variance,

AP*={alFm)] [H'(T)]—a[F'(m)] [H(D)]}*
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A A
o34=Covariance betweeny/N(a—a) and +/N(m —m) and F'(m)’
and H'(T) denote the derivatives of F(m) and H\(T') respectively
with respect to m. '

2.3. The observed distribution on the number of complete con-
ceptions are not available, however, the model can be applied to the

.numb.r of births per woman during interval (0, T) assuming one to

one correspondence between a compléte conception and single live
birth. We apply the model to the data given in Table I in Dandekar
(1955). The table given below shows the observed distribution of the
number of children born to women in the age group 26-30, during a
five year period. In the present case T'=5 years. The justification
for taking T to be 5 years has been discussed in Singh (1967). In
order to apply the Model B, to the data, we take #,=0'5 years,
h,=1'25 years and O=0'80. The aforesaid assumptions affix the
value of # to be 4. For the data N,=105, N=369 and T=1"2168.
Following the procedure given in Section 2.2, the estimates of ¢ and
m are obtained as

A ' A . .
a=0"79596 and m=061.

The frequencies in column 3 of the Table 1 are based on these values.
From expressions (2.15), (2'16) and (2.17) we get

A A A A
V(a)=0'0008425, ¥ (m)=0001622 and -
AA A

.Cov(a, m)=—0000892.

N

TABLE 1 *

Distribution of the observed and the cxpected number of children for women
in the age group 26-30

Number of Observed Expected
children ﬁ‘equencies frequencies
0 105 105-00
1 114 ‘ 112:70
2 I . 11831
3 29 32:05.
4 or more 3 ’ ) 0-94

Total , 369 36900
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SECTION 3

3.1. Singh (1963, 1964, 1968) assumed the mean duration of
gestation plus post-partom amenorrhoea associated with a complete
conception, A, to be 12 months and. obtained the estimates of pro-
poration of fecund couples and fecundability from Dandekar’s data.
Sheps (1966) has remarked ‘‘Examination of Singh’s model together
with the data shows, however, that a higher value (of /) would pro-
duce inadmissible estimates for the other parameters”. For this
purpose the data given in Table 1 in Dandekar (1955) (reproduced in
Table 1) has been used and the same procedure for estimation as
given in Section 2.2. has been applied. The estimates of a and m
have been obtained for different values of 4, and 8, taking h;, to be
0'5 year in each case, as shown in the Table. -

" TABLE2 -

Estimates of a and m for different values of /i, and

A A

b (in years) 0 m a
1-00 1-00 0400 0827
. 085 0-485 0829
. 0-80 0-524 , 0-829
o 075 0-575 © . 0830
. 070 0610 0845
125 100 .. 0460 _ 0'795
” 085 - 0'560 0795
. 0-80 0610 0795
) 0-75 0:6¢0 0-797
” 070 0-710 0-801
150 . . 100 0535 0-768
.o - 085 0-600 0784
. 080 0.650 0-784
. S 075 0700 0786
., 070 - 0750 0-791
2:00 1-00 0710 0736
. ) 085 i 0-900 0736
L 0-80 1000 0736
-, . 075 1:109. 0736

. - 0'70 1200 0738
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It is observed that even for larger vilues of hy the estimates are
Dot inconsistent but the Chi square will not give a good fit. It should
be noted that for the same data still larger value of Chi square has
been reported by Dandekar. For a given /,, as is evident from the
Table 2, the variations in ‘@’ negligible for different values of ¢ but
decreases gradually with increasing values of /,. Also for a given /,
m decreases with increase in 0 but it increases with increase in hg.
In short the results show that the model isuseful as a first approxi-
mation and pilot estimates can be obtained from the observed data
with the help of the procedure cited in Section 2.2.

3.2. For simplicity of derivation of the model the parameters
are assumed to be homogeneous in time. This assumption is appro-
Ximately true duting any short period of observation of the system.
Empirical studies suggest that at least some parameters of reproduc-
tion are age-dependent. In order to apply the model to the data for
longer durations of observational period, the variation in the para-
meters over time should be taken into account. Singh (1961, 1966)
derived a probability distribution for the number of complete concep-
tions to a couple wherein he assumed the conception rate (m(t)) to be
a function of time with no foetal wastages and a constant period of
nonsusceptibility associated with each conception. Pathak (1970)
has. applied this distribution to the data of Saxena (1966) taking m(z)
=a-t bt, and come to the conclusion that the variation in m(t) within
five years for the data is small. The distribution of Singh- has been
extended in Bhattacharya (1970) which makes allowances for foetal
deaths. Due to the coplexity of expressions the distribution is not
presented here. . : '

SUMMARY

The probability of distribution for the number of complete
conceptions to a couple during a given period of time has been gene-
ralised on certain assumptions. The estimates of conception rate
of proportion of fecund couples have been obtained. Expressions
for asymptotic variances and covariance are given. The proposed
distribution have been applied to observed data for the sake of -
illustrations.
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